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1. Introduction

n this paper, we consider the initial value problem of the fractional Navier-Stokes equations with the
Coriolis force in R3,

ur+pu(=A)u+Qes x u+ (V) u+Vmr=0 (tx) € RT xR3,
Vau= 0, (1)
u(0,x) = up(x) x € R3,

where u = u(t,x) = (uq(t,x), ua2(t, x), u3(t, x)) represents the unknown velocity vector, the scalar function
7 = 7(t, x) denotes the unknown scalar pressure and uy is a divergence free vector field. The constant y > 0
indicates the viscosity coefficient of the fluid, (3 € R represents the speed of rotation around the vertical
unit vector e3 = (0,0,1), which is called the Coriolis parameter, and x represents the outer product, hence,
—Qes3 x u = (Qup, —Quy,0). We recall that the Coriolis term has an another expression —Qez X u = —QJu,
where the skew-symmetric matrix | defined by
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The operator (—A)* is the Fourier multiplier with symbol |¢|*.

When « = 1, the Equation (1) corresponds to the usual Navier-Stokes equation with Coriolis force,
which receives some attention for its importance in geophysical flow applications. In particular, large scale
atmospheric and oceanic flows are dominated by rotational effects, see ([1], [2]). When &« = 1 and Q) # 0,
Hieber and Shibata [3] obtained the uniform global well-posedness for the Navier-Stokes equations with
Coriolis force for small initial data in the Sobolev space H 2 (R3). Chemin et al. [2,4] established that for

any initial data 1 belonging to L?(R?) + H 2 (R3) there exists a unique solution to the Navier-Stokes equations
with Coriolis force when |[Q)] > )y > 0. Iwabuchi and Takada [5] proved the existence of global solutions for
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the Navier-Stokes equations with Coriolis force in Sobolev spaces H*(R?) with 1/2 < s < 3/4 if the speed
of rotation () is large enough compared with the norm of initial data |[ug||;; they also obtained the global

existence and the uniqueness of the mild solution for small initial data in the Fourier-Besov spaces FB; ;, and

proved the ill-posedness in the space FB;, ; ,2 < q < ooforall ) € R (see [6]). For the local existence of
solutions of these equations, we quote the results of Giga et al. [7,8] and Sawada [9].

Recently, W. Wang and G. Wu [10] established the global well-posedness of mild solution to the
three-dimensional incompressible generalized Navier-Stokes equations with Coriolis force if the initial data
are in the Lei-Lin’s space x!~2%, they also gave Gevrey class regularity of the solution.

In the case () = 0 and & = 1, the problem (1) corresponds to the usual Navier-Stokes equations:

up— pudu+ (uV)u+Vr=0 (tx) € RT xR3,
Vau=0,

u(0,x) = up(x) x € R3.

Throughout this paper, we use FN ;, A4 to denote the homogenous Fourier Besov-Morrey spaces, C will denote
constants which can be different at different places, U < V means that there exists a constant C > 0 such that
U < CV, and p' is the conjugate of p satisfying % + % =1forl <p <oo.

Inspired by the works [6,10-13], the aim of this paper is to prove the global existence and the decay property
and the stability of the global solutions of the fractional Navier-Stokes equations with Coriolis force (1) in the

3 A
1720&%?4’? (RS)

Fourier-Besov-Morrey space FN Y

2. Preliminaries and main results

The results presented in this work are based on homogeneous Littlewood-Paley decomposition in the
Fourier variables. We evoke briefly this construction below. We begin by dyadic decomposition of R".
Choose two nonnegative smooth radial functions x, ¢ satisfying

suppp C {E€R": S <[f <3}, LeI8) =1, &eR\{0),
jEZ
suppx C {E€R": ¢ < 3}, x(@)+ Lo T8 =1, eR".
j=0

We denote ¢;(&) = ¢(27/Z) and P the set of all polynomials. The space of tempered distributions is denoted
by S’. The homogeneous dyadic blocks A j and S j are defined for all j € Z by

Aju = (271 D)u = 2i" /h(zjy)u(x —y)dy,

Sju= ¥ A= x(27D)u=2" [H@yulx—y)dy
<j-1 '

where h = Flgpand h = F~1y.
First, we give the definition of the Morrey spaces which are a complement to the L? spaces.

Definition 1 ([14,15]). For 1 < p < o0, 0 < A < n, the Morrey spaces M,A, = M;‘(R”) is defined as the set of
functions f € LI (R") such that

loc

_A
Hf”M}A, = sup supr * ”f”LP(B(xo,r)) < o, 2)
XpER™ r>0

where B(x, 7) denotes the ball in R" with center xy and radius 7.
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It is easy to observe that the relation M)‘ — M” provided "_” > "’)‘ and p, < py, and Mg =LP.

If1 < p1,p2,p3 < cand 0 < Aq, Ay, A3 < n with pl3 = plT + E and p3 = % + %, then we have the Holder
inequality

< .
1£8ly < 1 gy I

Also,for1 < p<ooand 0 < A < n,
1o * 8l < llllallgllyg. 3)

forallp € L'and g € M;}

Definition 2. (Homogeneous Besov-Morrey spaces ) Lets € R,1 < p < +00,1 < g < +00,and 0 < A < n, the
space N pAg (R™) is defined by

Vorq(R") = {“ € Z'(R"); ||M||N;,Alq(Rn) < 00}.

Here y
q
{ 221‘75||A qu } for q < oo,
U|| \rs ny = jez
Il e sup2 | Ayt for q=co.
jEZ
The space Z'(R") denotes the topological dual of the space Z(R") = {f € S(R");*f(0) =

0 for every multi-index a }, and can be identified to the quotient space S’(R")/P, where P represents the set
of all polynomials on R". We refer to [16, chap. 8] for more details.

Definition 3. (Homogeneous Fourier-Besov-Morrey spaces )
Lets € R, 0< A <n1<p<+oandl < g < 4co. The space FN/;
such that

pA,q(R") denotes the set of all u € Z'(R")

1/q
ol g, oy = { 2B ulE, < e @
n jEZ

with appropriate modifications made when g = oo.
Note that the space FN/; pq(R") equipped with the norm (4) is a Banach space. Since M% = L?, we have

]:Np 0g = PB; g FN; 0q = FB = B’Z and ]—"J\'/’ljoll1 = x~! where B'SJ is the Fourier-Herz space and ! is the

Lei-Lin space [17,18].
Now, we give the definition of the mixed space-time spaces.

Definition 4. Lets € R, 1 < p < oo, 1 <g,p <00, 0<A<mand=][0,T), T € (0,c0]. The space-time
norm is defined on u(t, x) by

1/q
It )l gor s, = { » 2% Al sy}
)

and denote by £°(1, F/\fp Aq) the set of distributions in §'(R x R") /P with finite ||. HLF’(I FA, ) DOrm.
FNparg

According to Minkowski’s inequality, we have

LA(LFN, ) = LOLFN, ), ifp<g,

5
LO(LFN ) = LP(LFN Y ), ifp >, ()

1/p
where [[u(t, )|l px ) = (fI ||u(r,.)||"fN;MdT) .

Our main result is the following theorem.
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Theorem 5. LetQER 0<A<3andl <g<2
For max{1, 3 A} < p < coand 2 <a<? + : + 3p there exists a positive time T such that for any uy €
1-20+ 5 +4 ~Jatd +/\)

FN pAq P
Furthermore, for all 1<p<coandl 7 <a <1+ 27’ + 5 there exists a constant Co(p,q) such that for any

1-20+3+2
uy € ]:Np g A satisfying V.ug = 0 and ||uo|
FN

? and V.ug = 0, the Equation (1) admits a umque local solution u in L* ([O T), ]:N

1o 34d < Copu, the Equation (1) admits a unique global
p/

. pAg
solution

wee(peor 7Ny ) 0 (0 20,0 ),

and it satisfies

+H||u|| 2o < 2C||ug 3.2

1 2a+p +4 '1+%+? = A
£ ([O,w);fj\fp N ) ([O,oo),]:./\fp, A ) FN,

[[ul

where C is a positive constant.
Now, we give some remarks about this result.

Remark 1. When « = 1, there are a different results which investigate the existence of a unique global solution

to the Navier-stokes equations with Coriolis forces, especially in Fourier-Herz spaces 5, > 1 [6], in Lei-lin spaces
3

x "' [19,20] and in Fourier-Besov spaces FB Y [13]. Theorem 5 is an extension and an improvement of these
1-20 + 5
works to the Fourier-Besov-Morrey space FN Y " (R3).

We note that the fractional Navier-Stokes-Coriolis system is well-posed uniformly in the sense that the
smallness condition is independent of Q).

=204 342
Theorem6. Let Q€ R, 1<p,g<2,0<A <3~ %pand% <« < 1. Assume that u € C([O,oo);]—'/\/’p/\q P )

is a global solution of the system (1) given by Theorem 5, then

lim sup [[u(t)] =0. (6)

3. A
12043+ A
. P

]-'Np,/\,q

Remark 2. Theorem 6 specifies the asymptotic behavior of a given global solution for (1) in the space

1—-2043 M

FN A "7 The long time decay property is also valid in the case (2 = 0 where the Equation (1) is reduced

to the fractional Navier-Stokes equation. At present, we are unable to establish that (6) still holds true for
T<a< %. The principal reason is that the proof is largely based on the lemma 14.

Theorem 7. Let T* denote the maximal time of existence of a solution u in

) mel([o,T*) }"NPM ).IfT* < oo, then

4344
+t3

£°°([0,T*) ]:NP/\‘? P

[[ul 13 dy = 0
[l ([o,T*)fNJZ’“’ )
+%+4 2t 3+
Besides; if u € C(]R ]—"N p) is a global solution of (1), and for all vy € ]-'Np)\ . P satisfying
- Poxpd - [T 1
ool yasey <Cogesp{= [" g (1004l 1.5.)} )

A4 A4
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for some constant Cy sufficiently small, then the fractional Navier-Stokes-Coriolis system starting by vy has a global
solution v fulfilling the inequality

o) = u® sy + l005) = (o))

344
FN g El([off)rpr,qu )
[0 9)
<Cloo=uoll osyexp{ [ c(l01+lul_ 5.4)}
FN 7T 70 N
pAA pAg

where C is a positive constant.

Remark 3. In the case () = 0 and & = 1, the result of stability of global solutions for the usual Navier-Stokes

31
equations is developed by several researchers in different function spaces such as H!, L?, B, and X!

[11,21-23]. To show Theorem 7, we adapt the method of the above works to our problem (1) in the spaces
1-2a+3 42
P

FN pAg " . Theorem 7 extends the works of [11,21,23] to a more general frame.

We finish this section with a Bernstein type lemma in Fourier variables in Morrey spaces.

-~

Lemma 8 ([24]). Let 1 < g < p < 00,0 < Ay, Ay < 1, ”_—pAl < %, and let vy be a multiindex. If supp(f) C

{|&| < A2/} then there is a constant C > 0 independent of f and j such that

"y
(=

GNP T ALY
1) Pl < 2T A ®)

3. Well-posedness

In order to solve (1), we consider the following integral equation:

u(t) = TQ,a(f)uo — /(;t Tgra(f —T)PV - (u @ u)dr,

where P = (5ij + R,-Rj)lgi,]-§3 denotes the Helmholtz projection onto the divergence-free vector fields, which
is a pseudo differential operator of order 0, and T( ,(-) denotes the Stokes-Coriolis semigroup corresponding
to the following linear Stokes problem with Coriolis force

U+ pu(=A)*u+Qesxu+Vmr=0 (tx) Rt xRS,
Vau=0,
u(0,x) = ug(x) x € R3.

Besides, T 1 () is given explicitly by

Tai(H)f = fl[cos(ﬂfg]t)l + sin(QFg]t)R(C)] * (e”Atf)

for t > 0 and divergence-free vector fields f. Here, I is the identity matrix in R® and R(&) is the
skew-symmetric matrix symbol related to the Riesz transform, which is defined by

1 (0 &3 —0
—¢3 0 ¢1
& -G 0

We refer to Babin-Mahalov-Nikolaenko [25-27], Giga-Inui-Mahalov-Saal [8] and Hieber- Shibata [3] for the
derivation of the explicit form of Ty 1 (+).

R(G) := E
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For o € (%, % =+ pl + %] the same argument given in [3,10] gives
TQ tX( )f F- [COS(Q |§§| )I + sm( E?l ) (é)] % (efy(,A)atf)‘

The first estimate corresponds to the Stokes-Coriolis semigroup T 4.

Lemma9. Let 0 < T < 00,s e R,O<A<31<p<oo,1<qg,pr<ocoandf e L(0T), prAq) There
exists a constant C > 0 such that

| fo Toa(t = D) f(D)dr] ) < CIIfl g Y
fO N LP((0,T),FN 0 4) £’([0,T),pr,A2,q P+r)

Proof. Set1+ % =
give

% + 1. The definition of the space-time norm of £°([0, T), F. N p)q) and Young's inequality

)’y

. T t
25( [Clg; [ F(Tault=n)f) (00l

dt)
AW@Ae”W“Tﬂ wwdoﬂ

MA

t
HAThA%¢VﬁMHmmD£WM)—

IN

IN

IN
—~ —~ = —
N
=
=
w
/ /N /N

X T 4, A020] 1/q
2]qs(/0 o tHo2 ]dt) H(P]f( )HL’ [0,T) M’\)}

jez
]qs 20— —-l- i
< ofy> TG
JjEZL
S C”f” _572vc727'x+2“ :
(o), FN, ., °

O

g3 A
=204+

Lemma10. Let I = [0,T),0< T <00, 0<A<3,1<p<oo,1<gq<ocoandug EJ:NPM (R3). Then
there exists a constant C > 0 such that

o vadgy SCloll sy ©

coo([o,T),FA'/pM 4 ) FN g "
| Taa,a (1) o]l a3 < Clluoll - MR (10)

£l ([O,T),]—'Np,/\’q ) FN g

I Toa(t)sol e gedy S Cloll g an

54([0,T),INPM ! ) FN g "

Proof. To prove the first inequality (9), it suffices to write that

—

1T (£)uoll

j€L FN

A4 A4

j(1-20+3+3)q i
1— 20¢+3+p (22 ”(P]uO” )fi < CHM()H 1—2a+%+% .
£°°<[O,T),}'N v ) y F

In order to prove the second estimate (10), we write

=

jO+3+8a 0 (T oy 9
< (m2MT e gtollgdt) ) < Cllillag

||TQ,lX(t)u0H 1+%+?
Ll([O,T),]-'N P ) jEZ ]:NV/}‘/'?

pAg
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To estimate the inequality (11), it suffices to write that

j1-3a+3+24)g T —tp2205+2 ~ 4 i %
| Toa (Dol Ly < (B20ETT([e Ity at
£4([0,T),F/\'/Mq ’ ) =
1
j 1x+ 7+ 2 )q q
< (g2 2 49 gyiollfy )" < Clluoll 1 a3y
jEZ FN v F

O

Proposmonll Let0 < A < 3,max{l,352} < p <o0,1<q<21=[0T),0<T<+coand <a<
3 + p, + 3p,and set

Y =21, f/\/pu+”’“),

there exists a constant C = C(p,q) > 0 depending on p, q such that

y < Cllullylfofly- (12)

HMUH 2— 3v¢+3+p
}7

(I}'J\/’p/\q

Proof. We need to introduce some notations about the standard localization operators. We set

uj = A]'Ll, S]M = 2 Aku, Z]u = Z Aku, ] cZ.
k<j—1 [k—jl<1
Applying Bony paraproduct decomposition and quasi-orthogonality property for Littlewood-Paley

decomposition, for fixed j, we obtain

Aj(uv) = Y Aj(Skqubgo) + Y Aj(Seqvdu) + ) Aj( AkuAkv)
|k—j|<4 |k—j| <4 k>j—3

= [j+ I + I1I;.

The triangular inequality gives

i(2— 31x+ r+5)0 j(2— 3IX+ 754 1/q
ol sy S {E2 Wy} {22 .
(I]-',/\/p/\q v JEZ JEZ
j(2-30+ 3 +4)g 1/q

We evaluate the above three terms individually. First, using Young's inequality (3) and Lemma 8 with |y| = 0,

we get
(2 3D(+ + ‘(273a+i+ﬁ) L
2] ”I HLZ IM)‘) S 2] i Z ||Sk*1uAkU”L2(I,M/F})
lk—jl<4
j(2=3a+3+%) ~ .
= 2 Y Bl sy 2o Il
k—jl<4 1<k—2
j(2—3a+3 +2) . 1342y
S 2 prtp Z ||kaL4(I,M/p\) Z 2 P ||ul”L4(LM?’\)
kjl<4 =
i(D_ 3 ,A l
< 2](2 34x+p/+p) Z ||kaL4 IM/\) Z 2 / )2(17%04)12(%3(71)1”ﬁlHH(LM/\)
|k—jl<4 P
i(2— 3 4A 1
S 2](2 31x+p/+p) Z ||'(/}\kHL4(IM/\)( Z 2(%0(_1)117/) q/ Hu” , ,

A
’ A=sat+5+5
k—j|<4 PPN k2 £4(1,fNMf7 4 p)
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j(2—3a+ 3+ 4 a1k
< o o) Z 2 (3u 1)k||vk||L4(1M’\)||”” 13443 4 A

- Mp . L as AN
lk—j|<4 I (I,]-'NMq

Applying /9 —norm on both sides in the above estimate we obtain

i(2— 30c+ 4204 1/q k(1=3a+34+2) _(j—k)(2— 34x+ +4 qy1/q
{L2 I} = {2 (X 20 P15ell s apm) )

JEZ JEZ |k—j|<4
X u] e aaay Slull 13as3 4 o]l IV
54(1,f/\'/m2q vy ) £4(1,f/\'/p/ﬁ] vy ) £4(1,}'Np o 77 )
(14)
Likewise, we prove that
j(2-3ut 5+ 1/q k1=3at 3 44),(i-k) 230+ 5+ 14
{L2 M) S {D( X 20 el sy )
jEZ JEZ " |k—j|<4
X ||U|| 1-3a43 44\ N HUH +3+/\ HuH 13443 4 A -
L4(I,pr,Aja 4 p) z:4<1,f/\/,, Ai“ v ) 1:4(1}/\'/%;“ v ”)
(15)
To estimate I11;, the so-called "remainder term", we use a different approach. Let
. . . 1 . . .
III]'k = A]( Z AivAku) = Z Aj(AkuAi+kv).
li—k|<1 i=——1
First, we use Young's inequality (3) and Lemma 8 with |y| = 0 to obtain
i(2-3a+3+2) j(2— 3a+ 7+ 5 )
2 Al Gl agy < 2 Y | ikl 2 v
k>j—3
(2—3a+3+2
< 25 Aol g
k>3 [k—i|<1
j(2-3a+3+2) ~ ~
< 2 Ve Z )3 HukHL‘i(LM;})HviHL‘l(I,Ll)
k>j—3 [k—i|<1
j(2— 3zx+ +2 ) i(3+2)
< 2 o r 2 s g 18 gy
k>j—3 |k—i|<1
o apt 3 A . 1
< @ P (T )
k>j—3 " [k—i]<1
31k~
x 2G| (IM})
23zx+ +)k(l uc—l— +
< Clof At ) 20 ? ||”k||L4 (ILM})*
£4 (I,pr g )k>1 3

When 2 — 3a + % + % > 0, we take the [9—norm on both sides in the above estimate, and then we apply
Young’s inequality for series to get

1
" <Cllol| 5

j(2— 31X+ -‘r )q )
2 I11; < 3ag 3 A
(Z || ||L2 IMA) ‘64(1}_'1 5 +p,+p>

JjEZ

[ (16)

A

3 3 AL .
1-ga+3+%5
pAq

LA (I,]—'N 4

For the case 2 — 3« + % + % = 0, we write
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= =

Nf—=
N———

(Z T py)" < ([l xzuk*vkﬂuw)

J€Z ]EZ k>] 3 =
1
2
< sup(Efpj( /|| 2 uk*vk+,||MA> )
¢ Cjez keZ =1
1
< L L (1liaoan 9esillisan )
i=—1keZ
1
< Z Y (z FAN] ||uk|\L4IMA)||vk+l||L4IM,\))
i=—1keZ

1 1
- ac+ + (1- oc+ +
OIS DR AL DEA A L 1w

jEZ i=—1 keZ
(k+i)(1— uc+ +
<2 oyl e (17)
< Cllull TN ||v|| L 3ardh
cEn, 2 P (I,]:Np,/\: v p)
< Cllull v || , (18)
CarsEh e

L3
where we have used the fact 1 < g < 2 implies FA 2, g Loy PN 3

pA q, ! with g’ is the conjugate of g.
Estimates (13), (14), (15), (16) and (17) yield (12). O

243
P
4—

+
<[>

Proposition 12. Letl§p<oo,l§p§oo,1§q§2,0§)\<3and%<oc§ , and set

N

- =20k ) A2t SR s
X =£2([0,00), FNT, ,, )nee([o,0), FN, )

with the norm
+ pf[u|

1- 2%+§,+2A A

.
z:p([o,oo), N, P ”)

There exists a constant C = C(«, p,q) > 0 depending on «, p, q such that

1 2pc+;,+A
L ([O,oo),]-'/\/nka )

-1
19w o) Cawr3o3 gy < O ullxllollx. (19)
£P ([O,oo),]:/\fp/)w v )
243 +5 245+ o
Proof. This proposition is given in [28] for 3 <& < — 5. For the case « = ——— the argument is similar
P P

to the method described for (17). O

Now, we give an abstract lemma on the existence of fixed point solutions.
Lemma 13. Let X be a Banach space with norm ||.||x and B : X x X —— X be a bounded bilinear operator satisfying

1B(w,0)|[x < nllullxlv]x

forall u,v € X and a constant 1 > 0. Then, if 0 < & < ﬁ and if y € X such that |ly||x < e, the equation

x :=y + B(x, x) has a solution X in X such that ||x||x < 2e. This solution is the only one in the ball B(0, 2¢). Moreover,
the solution depends continuously on y in the sense: if ||y |x < e, x' =y + B(x,x'), and ||x||x < 2, then
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_ 1
=¥l < =gy v ¥ lx.

Proof of Theorem 5. We will use Lemma 13 to sketch the proof of the existence results. The functions here are
vector fields, whose norm is the sum of the norms of the three components.

For the local existence, we set
1— %tx+%+ 4

Y = 54(1,;5/\'fmq p ”), I1=[0,T).

Here, as usual, we begin with the mild integral equation
u(t, x) = Toyu (F)ig — /O Tt — T)PY.(u @ u)(x, x)dr, (20)
and we consider the bilinear operator B given by
B(u,0) = /Ot Tora(t — T)PY.(4 ® 0)(T)dT .

According to Lemma 9 and Proposition 11 we obtain

t

1B(u, )| Cieaany = || [ Toalt=0PV. (o) (0] NN

54(1,f/\'/mq P ) 0 54(1,f/\'/mq P )
< CV-0Ol g SOl s < Clulyloly

£? (I,f/\/ Y ) £? (I,f/\/ pAg )
Lemma 10 yields
HTQ,rx(t)uO”Y < CH”OH 1—2m+%+% . (21)
FN e !

Now, we shall decompose the initial data 1y into two terms

uo = F " (xp(o,0)Ho) + F " (Xpe(osHo) = to1 + to2,
=20+ 544
where 6 = §(up) > 0 is a real number. Since 19, converge to 0 in FA PA i as 6 — oo, by (21) there
exists ¢ large enough such that

1
”TQ,oc(t)”O,ZHY < 8C"

For the first term 1,

3 3 A
*2064*?*‘1’5

HTQ“(””MHY < sz(l )||(pje’””g'z“XB(o,a)”AOHL‘*(LMQ)

V)

j(l*éﬂé+i+i) |2 a —& L
< [P sup e R o gyl H ol |,
£eB(0,6)
a1
< Co2TH ”OH '1—2zx+%+%'
pAg
A | .
Thus for arbitrary ug in FN A "7, (20) has a unique local solution in Y on [0, T) where
4
T< (5 ! .
8C242 ”uOH 1-204+3 44
FN, Pt

pAq
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For the global existence, we will again use Lemma 13 to ensure the existence of global mild solution with small
initial data in the Banach space X given by

x = £2(10,00), A 2T Y 1 (f0,00), XY,

According to Lemma 9 and Proposition 12, we obtain

ot
1B(w, o) vy = | ] Toalt=mPV.(ue o) (o]
2 (fom). 70,0 ") : L1000 7N, )
< CV.(u®0)| a3 gy < Cr 7 ullxlolx
cl([o,oo), FN g v )
Similarly,
t
|| B(u,v)|| Lo 3 Ay = / Tau(t —T)PV.(u @) (T)dT 1204344
([0,00), NMq : ”) H ° H 0 )’]:Nw\ff ” V)
< C|V.(u@o)| 120+ 344
cl([o,oo),f/\'/mq ! )
< Cu Hulxllolx-
Finally,

I1B(1,0)|x < CpHjullxl|o]lx -

Lemma 10 yields

IToe(Buollx < Clluoll 1 554

FNoag "
If lugll | o3 4 < Cop with Gy = C2’ then (20) has a unique global solution u € X satisfying
]-'./\/p/\q v
||u||X < 2C””OH _1—2a+%+% :
FN g

This completes the proof of Theorem 5. [

4. The decay property

In this section, we first present the following interpolation inequalities which have their specific utility in
the sequel.

Lemma 14 ([18]). Let o < %, s> % —20,1<p,g<2and 0 <A <3 — %p. Then we have

] o did Sl [l °
]:NP//\/W
Lemma 15 ([18]). Let1 < p,q < 2and % < a < 1. Then we have
[uollp-e < Cllullzllol s ia +Cllullgalloll a0z s (22)
FN v N, P

Proof. Proof of Theorem 6 In this part, we will focus on the asymptotic behavior of global solutions when
t — oo, which was developed in different papers such as [11,29,30] and [31, chap. 11].
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For k € N, define

A ={¢ € R [g] < kand |2()| < k}.

1— 24x+ +)L

Q.
A Pask — +

Obviously F~!(x 4,10) converge to i in FN
Then, there exists k € N such that

I\J\m

-1 A
||u0 - f (XAkuO)H 1— 2n+ +
FN yra v

Put

uor = FH(xa,do), wor = uo—F *(xa,.do)-

1— th+ +A

2
A "NL2and

Then ugy € FN

s . <t (23)

120+ +
o 2
A4

FN

Now, we insert the following system

w + (w- V)w + pu(=A)*w+ Qes xw+ Va =0 in (0, +00) x R3,
V.-w=0, (24)
wi=0 = Woj -

For § < Cop, we infer from Theorem 5 that the system (24) has a unique global solution such that

kaC([O,oo);f/\./’;;f:Jr%+%)ﬂﬁl([ ) ‘FN;A;+ )

Moreover, for any ¢t > 0 we have

[[wi (8)]] .172a+%+%+ﬂ‘|wk” 1 Rre < e (25)
FN L ([o,t),fNPM ) FN

So let’s consider the difference u;, = u — wy, which satisfies

{ Opttg + p(—A)%u + Qez X ug + (u- V)ug + (ug - V)wy + V(7 — ) =0,
V. Uy = 0,

where 7t and 71y are the associated pressures to the solutions u# and wy, respectively. By taking the inner
products with u; and integrating by parts, we can show that

(26)

1d @

Sl + (=8 bl < | [ (- V-],
where we have used Q(e3 x uy).up = 0.
Integrating by parts, Holder’s inequality and Lemma 15 lead to

1 _«a

(V- @ wg), )| < (=2)27 3 (e @ i) | (= 8) T

IN

cHuk@wkHHl_u\ e < Cllae| e
f

. 1—a+%+% HukHHA’
NW»@ ’

2
FCluellpelll ez

A4
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2C2 2 2 i 2 2
< ylluklle||WkHFN;;ﬁ+% + g llge + Cllue e ||w,{”ffv;f:+”%+g :
By (23) and (25) we have HwkH 12043+ < C%. In addition, we assume ¢ small enough such that C2%e < %,
.pM !
thus
2C?
(V- (e @ ), )| < = [ful ol 1y + Bkl e - 27)
K NPT
We conclude that 5
d 8C 2 2
Ml T2+ sl g < = [l lwel]” 1aizi
dt U X P

Gronwall’s inequality leads to

t 8C2 [t
ol 41 [l e < o2 exp{y | ||wkr|jwm+§+;}. 28)

pAAq

Since g < 2, by Holder’s inequality, we get

't 2 i—at 3400, [ 152/q
[l sy < {227 Clonddy) )
' FN g’ jEZ
ja-2e+3 442 ja+3 447 4 - /q
S ]‘[;2 veret2 poF ||(P]wk||Loo([0lt),M2)||4’]wkHL1([0,t),M£)}
< ffu]] e gy [kl JTEe
L([05),FN 5, L El([O,t),pr,Af; )
2
1
< E HwkH -2+ 344 "‘VH”%H I+ 34s
L2([04),FN 0 7T £1<[o,t),f/\fmf; )
C? 2
< ﬂHkaH ‘l—2n+%+%’
]:Np,A,q
where we have used (25). Consequently
t 2 4ct 2
||Mk||%z+14/0||Mk||%qa§|}uo,k||LzeXP ?HWOkH Bl (- (29)
]:Npr?uq
Using Lemma 14 with s = & we obtain
oo _da_ 4 a 8CH 2
5—4 = —1 54
Jo 5 gy S € ol x exp { s ol 1aes i}
P pAg
204342

p

The continuity of uy in FA ensure that there exists a time f( such that

pAg

€
||uk(tO)H _1—2&+%+A < E

7
FNpra
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Then we have

+

NI ™
N[ ™

o)y aegey < Ity + Ikl sy <

FAN FN FAN !

pAg pAg pAq

Now, we consider the fractional Navier-Stokes equations with Coriolis forces starting at t = £

up+u-Vu+pu(=A)*u+ Qes x u+Vmr=0,
V-u=0,
u(tp, x) = u(ty).

By Theorem 5 and using the method mentioned in the proof of (25), we directly obtain

1O ooz vy + #lul wdagy SCIN sy < Ce

FN £ ([tg, \FN ) N

pAq pAg A

for all t > ty. We have completed the proof of Theorem 6. [

5. Stability of global solutions

In this section we prove Theorem 7. Let T* be the maximal existence time of a solution u of (1) in

at 342 42
] P 4 1 * 14
c ([o,T*) f/vm )mc ([O,T)]-"NPM )
In order to prove a blow-up criterion of the solution given by Theorem 5, assume that T* < co and
[ 1+344 < 0o, thenwecan find 0 < Ty < T* satisfying
ey (o) FA, b T

<

NI =

Jul w3

L1 ([TO,T )f/\/p,\q

For t € [Ty, T*), we explicitly consider the integral equation
u(t) = Toe(Hu(Ty) — /TZ Tou(t — $)PV.(1 @ u)(s)ds,
we obtain
7(t,8)| < e HEF (T, &) + /T; eI PY. (u @ u) (s, &) ds.

The same reasoning as in the proof of Proposition 12 gives

] paer 3oy S Iu(To)ll g3 2 + [lull SRR (] T
Ew([TO't)’}—NM; " P) fNVA: - £e ([Tﬂrt)r]:NP/\: " ) ﬁl([TOIf),prAir P)
It follows that
] cadapy ST as +5 lul Laas 34
£w<[T0't)']:N"M ' ) FNprg ’ Lw([TO’t)'fN Y )
We can deduce that
sup full s S2To)ll sy VEE[To, T7).
To<s<t TN PP FAN o

pAg pAg
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Setting

M:max(ZHu(To)H s, max ||uf , A)

-2t gt te[0,To) 1-20+ 5 44
]:NﬂrMi 4 [ ‘FNp/\q p
we have
WO iy SM, VEEDT).
]:NPJW

On the other side

t t
u(t) = e 8"y, — Q/ e MDA P ey x u) (T)dT — / e HEDENPY (@ u)(T)dT.
0 0

Then
u(t') —u(t) = (e M8 yy — e M-8 y4)
~( /Ot, e MI=DEAPY (4@ u) (t)dT — /Ot MY (u @ ) (1))
_ Q(/Ot, e MDA P ey x u) (T)dT — /Ot e MR e u))(r)dr)
B I Y e
B [/Ot e MDA (= =D(=8)" _ )PV (1 @ M)(T)df]
o /t*' oM =8By x u) (r)d |
B Q{/‘Otefy(tfr)(fA)“ (e H=D(=8)" _1)P(e5 x M)(T)dT]
=h+h+hB+Ja+]s5.

We will estimate [, J», [3, J4 and J5;

]1 20c+ + 11720 20
Il sy =2 P lgj(e I8 — e Y o
P
NM# g
i(1—2a+3 42 (4 — 2u R
< 2O gy I 1y |
j(1- 2a+ +)‘)
1Bl 1oy < |2 [ gt =01 F (v e w) (e,
FN pAg

j(2—20+3+4) [
gHzf ato V/t ||(p]-.7:(u®u)(”[)HM’/}dTHM,

(1-2 +l,+ 2u ’_ 2a
Il e < 2077 x [ llgge IR (1 — D) F(T (0 ) () g,

pM

i(2— 344 t / o
< |2 2a+p/+p>/0 lpje =18 — ) Fu@u) (1) g,
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(1-20+3+4) [ ot —1)|E
sl g g S22 [ g8 Fles x w)(@) g,

.FNMq

7

(1204 342y [
<[ p/t I (e3 x ) () gy,

and

3 ,A t / o ! e
sl vawe gy 2072575 [igem 0P (1 e n DR F ey s u(r)) gy
]:Np/\q v 0 P lles

S Hz] 1 ZIXJr + / ||q) ( t/_t)\§|2a )]:(63 X u)(T)HM%dTHéq

The dominated convergence theorem gives

. !/
timsup lu(t) = u(t)| 5.y =0.
L T p<t FN,,
1-20+3 +§
This means that u(t) satisfies the Cauchy criterion at T*. As FA/ A q is a Banach space, then there exists
1-20+3+7 1-20+ 3 +4
an element u* in prAq " 7 such that u(t) — u*in ]:NPMI "V ast — T*. Set u(T*) = u* and consider

the fractional Navier-Stokes equations with Coriolis force starting by u*. By the well-posedness we obtain a
solution existing on a larger time interval than [0, T*), which is a contradiction.
/\
* 14 1 * . .
Now, let v € C ([O, T*); ]:NP /\q ) nL ([O, T*), ]:Np/\q ) be the maximal solution of (1)

corresponding to the initial condition vg. We want to prove T* = oo.
Putw = v — u and wy = vy — ug. We have

4344
+ty

wi+pu(—A) w4+ Qes xw+w-Vw+u-Vwo+w-Vu=-Vr.
We first apply IP to the above equation, then we have
wi + u(—A)*w = —QOPes x w —PV.(w@w) —PV.(u@w) —PV.(w®u).
Due to Duhamel’s formula, we write
(2] < e (0,2 + [ oM E (Y (0 @ ) 5, 8) ds

+ /Ot e M F(PY.(u @ w)) (s, &) | ds

+ /Ot e M=) F(PY.(w @ u)) (s, &)| ds

+ 10 /O t e HI=S)E™ | F(Pey x w) (s, &)| ds.

Then, for t € [0, T*) we get

el wgopy Sl pagay +IV-@ED 3
([Ot) MF; ) F/\/Mq ([Ot)fNPM i )
+[V.(u@w)| 1 2344
LU0, FN, v )
+||V(w®u)|| ‘l—2a+%+%
1
L ([O,t),J-‘Np,A,q )
+|Olles x wll

1- 2a+3+2)}‘

£ ([o DFN g "
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Similarly,
Hw” 120+ 3 + A < ”wOH 1-2a+ 3 +4 +||V(w®w)|| 12043 +A
-2t S Aty AL
5”([0rt)rff\/p,»\,[, P ) ]:Np,/\,q P L1 ([O’t)’]:'/\/p,)\,q P )
+[IV.(u@w)| 1 2a+ o+ 4
(o)
+[|[V.(w@u) 1 2043 +%
(a2
+ |Q|||e3 X w” 1 20+, +%
el

Consequently, for t € [0, T*) we get

@O sy + ool vaey < Clwoll sy + IV @ew) JU
FNoag " ([Ot)]-'/\/p)\q ) fNMq Ll([o,t),pr,A,q P )
V. (o w)] a3 )
ﬁl([o,t),f/vmﬂ P )
V. (w e w)| Caned
Ll([Ot)fN 4 )
+1Qlles x w] Loy
o (pnrat T
S HwO” 1- 2a+p +)‘ +L1+L2+L3
FN g
where
L= |V.(w@w)] BT
P
([Ot)]-'/\fp)\q
L =|V.(u@w)] R +[V(weu)| ot 34l
LHODFN e P LHONFN, P
and L = [Qf[[e3 x w| 12043 44 -
e (on,FN,,, P
The same calculus as in the proof of Proposition 12 gives
Lls ||ZUH 121x+ + ”wH 1+3,+% ’,
([Ot) oy v ) ([Ot)]-‘/\/p/\q )
t
LS [l gl
~ Jo e Sty
]:NP/MI ’ > WLZ
Ls < 1O [[w]] ok AN
c ([o,t),fj\/ .y )
Then
[w oz g +pllwl] 14304
N, 7T Ll([O,t),pr,/\Z ”)
<C{lwol 1y + el N
f/\/,,M v coo([Ot) ny v ) ([Ot)]’NMq )

t
Ll sl sy 1Ol

120+ 344 } .
FN i

£y, FN )

pAg A4
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Put
T =sup{t € 0,7, ] Lo gty < 25T (30)
L“([O,t],]—‘NP,M g )
Fort € [0,T), we have
" |
l0®)] 1 a0 .g + Sl e
FNpag b Ll([o,t),pr,A,q 4 )
t
S C{HZUO” '1—2a+%+% +‘/0 Hw” '1—20(-%—%4—% (|Q‘ + ||1/l|| '1+%+%)} .
FN pAAq FN pAA pAA

Gronwall’s Lemma yields

; /t { /t ( )}
t = < Q
”w( )” '1—2a+%+% + 2 Jo Hw”}_N1+%+% = C”wO” _1—2a+%+% exp 0 C | | + ”uH]-'j\'/’H%+%

]:NPJW pAg }—NP,M A4
[}
<Clwol_ yaezepep{ [TC(aitiul o)}
}'NPM }'N}Mq

Thus if we take Cy sufficiently small in (7), we have

K [
[ gy + 5l gy <

FN £l ([O,t),]-'/\/ b ) 8C’

A4 A4

which contradicts the definition (30).

Then T = T* and || w|| ) < oo, therefore T* = oo. This completes the proof of Theorem 7.

) ) 1+%+ 5
.
cY([oT),FN, "

6. Conclusion

Using harmonic analysis tools such as decomposition of Littlewood-Paley and the fixed point argument
in Banach space, we obtain some results of existence, uniqueness, stability and asymptotic behaviour of
solutions of the fractional Navier-Stokes equations with Coriolis force for small initial data. Moreover, local

well-posedness results of these equations for large initial data are also discussed. The adopted functional
A—2a43 4 A
framework is the critical Fourier-Besov-Morrey space FN P "7 which covers many classical spaces, e.g.

op+34A op+3 A
. J1-20+3+4 _ STty iy
the Fourier-Herz space B, " 7, the Fourier-Besov-Lebesgue space FB,;, " " and the Lei-Lin’s space
1,2H%+A A—2a+3 4 A

7. These spaces FN A 7" are some refined functional spaces, more suitable and more adapted

for studying these equations.
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