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Abstract: It is a well-known fact that the majority of rational difference equations cannot be solved
theoretically. As a result, some scientific experts use manual iterations to obtain the exact solutions of some
of these equations. In this paper, we obtain the fractional solutions of the following systems of difference
equations:

Xn—1Yn-3 Yn—1Xn-3
Voot (1= %pn3) T m (ELE yens) O
where the initial data x_3, x_», x_1, xp, ¥_3, ¥_2, y—1 and yo are arbitrary non-zero real numbers. All
solutions will be depicted under specific initial conditions.

Xp4+1 =
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1. Introduction

T he theory of discrete dynamical systems of difference equations has been utilized to study natural
phenomena which change over discrete time. A massive number of researchers investigated various
real life problems that occur in population dynamics, genetics in biology, engineering, queuing problems,

electrical networks, physics, economics, etc [1]. The long-term behaviours of such problems have been recently
discussed by some scholars. For example, in [2] Asiri et al. explained the periodic solutions of the following
system of difference equations:

Yn—2 Yni1 = Xp—2
T—YnoXnayn” 7" £+ x4 2y 1%

Xpt1 =

Cinar [3] explored the periodicity of non-negative solutions of a system of fractional difference equations
given by the form:
_Yn
Xn—1Yn-1 '

Din [4] analyzed and obtained the equilibrium points, local asymptotic stability and global behaviour of
the fixed points of Lotka-Volterra model which is illustrated by the system:

Xp4+1 = 17 Yn1 =
n

XXy — BXnYn _ OYn + €Xyln

Xn4+1 = 1+ 7% ; Yn+1 1+ 7y

El-Metwally et al. [5] found the solutions and the periodicity of the following third order system of rational

recursive equations:
Yn—2 Xn—2
;o Yn+1 = .
=1 —yn—2Xn-1Yn 1 £ xp2Yn—1%n

Xn41 =
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In [6], Elsayed presented the solutions of the following system of second order difference equations:

Ypag =y = Yl
T R,y YT Fl Ay
Yy Y

Elsayed and Alzubaidi [7] found the solutions of following systems of rational difference equations:

_ Yn—8 Yui1 = Xn—8
1+ ynfzxn75}/n78’ i 1 £ xy_2Yn—5xn—8

Xn4+1

Gtimtis and Ocalan [8] explored the positive solutions of the systems:

AUy X10p—1

Un1 = 53+ Untl = o pr a1 -
! B+ohon " B1+ muyul,
Kurbanli et al. [9] obtained the solutions of the following system of difference equations:

Xn—1 - Yn-1 _ Xn
P LA e T .
YnXy—1— XnYn—-1 — YnZn—

Xpn+1 =

In [10], Touafek et al. discovered the periodicity and solution of the system:

X _ Xpn—3 _ Yn-3
A R A IR
Yy y

The author in [11] examined the dynamics of the following system of recursive equations:

Xn—2 Yn—2

Xpa] = 5—""T"—, 1=
" B+ vyuYn—1Yn—2 Yn+ A4 XpXp_1Xn—2

For more information about basic theory and qualitative behaviour of dynamical systems of difference
equations, one can see references [12-27].
This work aims to present the solutions of discrete dynamical systems of difference equations which are given

Xn—1Yn-3 Yn—1Xn-3 _
n=0,1,...,

x = 7 - 7
il Yn— (_1 - xn—lynf?)) Ynt1 Xn—1 (il + yn—lxnfi%)

where the initial values x_3, x_», x_1, X9, ¥—3, Y_2, y—1 and yp are required to be real numbers.

2. Main Results

2.1. First system x,, | =

Xn—1Yn-3 y — Yn—-1Xn—3
ynfl(_l_xnflyn—?i)’ nt1 x;171(1+%171xn—3)

This subsections is devoted for the solutions of the following system of recursive equations:

Xn—1Yn—3 Yn—1Xn-3 o
,n=0,1,....

X = , =
il Yn— (_1 - xn—l]/nf?)) Ynt1 Xn—1 (1 + ]/n—lxnf?:)

The initial values of this system are required to be arbitrary real numbers.

)

Theorem 1. Let {x,,y,} be a solution to system (1) and let x_3 =a, x_y =b, x_1=¢, xo=d, y_3 =, Yy_p =
B, y—1 =yand yo = w. Then, forn =0, 1, ..., we have

n—1 n—1
(—=1)" " ‘1_[0 [(2i) a7y + 1] (—=1)"dmg" 'Ho [(2) bw +1]
1= _ 1=
x4'rl—3 a}’l—lz),}’l (CDC + 1)n 7 X4n—2 - b”_lw” (d‘B + 1)1«1 7
n—1 n—1
g I [(2i + 1) ay +1] dnign I [(2i 4+ 1) bw + 1]
Xgp—1 = ~ , Xy = =

an,-}/n breon 4
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and
an,)/n bnwn

Yapn—3 = 1 ; Yan—2 = 1 ,

can—l ‘Ho [(2i4+1)ay +1] drpr—1 'Ho [(2i4+1) bw + 1]
1= 1=

(=D)"a"y" L (ca +1)" ()" "™ (dB+1)"

Yan—1 = P r Yan = n—1 '
ctat 'Ho [(2i +2) ay + 1] dngn ‘Ho [(2i 4+2) bw + 1]

1= 1=

Proof. It is easy to see that the results hold for n = 0. Next, we assume that # > 1 and suppose that the

solutions hold for n — 1. That is

(-1 a1 (20 b +1)

n—=1 _n—1 n71n72 :
(=D)" " ‘Ho [(2i) ay + 1]
i=

Xan-7 = - s Xdn—6 = -
" a2 (cq 4 1) ! b =201 (dB+1)" !

n n—ln_z H
d"pg HO [(2i4+1) bw +1]
1=

n n—ln_2 ;
fol” HO [(2i +1)ay +1]
1=

Yan-5 = an—l,),n—l A prn—1ym—1
and
anfl,)/nfl bnflwnfl
Yan—7 = ) ; Yan—6 = Y ,
cn—lgn=2 ‘Ho [(2i+1)ay +1] dn-1pn-2 ‘1_[0 (204 1) bw + 1]
1= 1=

(=1)" Larn (ca 1) (=) 1w (dp+1)"!

7 y47’l*4 =

Yan—5 = 2 .
an=1pn =1 IT [(2i +2) bw + 1]
1=

n—2
cn—lgn—1 'Ho [(2i 4+2)ay+1]
1=

Following this, system (1) gives us

Xan_3 = X4n—5Y4n—7
n— =
Yan—s5 (=1 — X4n_5Y4n—7)
n—2
n,n—1 i
cu igo[(21+1)‘17+1] at—1yn—1
ﬂnfl,ynf] n—2
e~ tan=2 I [(2i+1)ay+1]
— =
- 1n72 .
(71)”71a’1*1’y”(ca+1)"71 cran 1.1;10[(21+1)”7+1] an—l,}/n—l

c"*llx”*lnﬁz[(ZiJrZ)u 1 an =ty n—1 nfznﬁz ;
n Y+1] o=l izo[(21+l)u’y+l]
_(_1\yntl g nn_2 : 1\ n nn_l :
(-1) foldi’ ‘Ho [(2i+2)ay+1] (-1)"c"a ‘HO [(2i)ay +1]
1= 1=
an—lym (ca +1)"

a1 (ca + 1) [1 + ca]

Moreover, one can observe from system (1) that

Yin_3 = Yan—5Xan—7
w3 =
X4n—5 [1 + Yan—5X4n7)

=1 n-1 ;1—1”72 :
(_1)71—1‘1,1717”(”_*_1)11_1( )" inTQ[(Zz)ay-i—l]

— _ _ -1
ot T i)y @ et D)
i=0

n—2 n—2
nn=1TT [(2i+1 1 _ 1 (1) en=1an=1TT [(2i 1
' i:O[( i+1)ay+1] 1+ (—1)" =T (cag 1) (=1D)" el Z.:O[( i)ay+1]

n—1,n—1 n—2 —2~n—1 n—1
e eI [(2i2)a7-+1] an =2y (cat)
i
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n—2 X
a'yil;lo[(Zz)a'erl]

n—2
1T [(2i+2)ay+1]
i=

n-2 n—2
c"a”*liI:TO[(Zi—&-l)u'y—&-l] afyigo[(Zi)a'y—&-l]
an—l,yn—l

IT [(2i+2)ay+1]

i=l

n—2
ay IT [(2i) ay + 1] a" 1y~

n—2 n-2 n=2
crar VI [(20+ 1) ay +1] [.HO [(2i+2) ay +1] +ay IT [(21) ay +1]
i= 1= =
an,)/n
- n—1 )
chgn—1 ‘Ho [(2i +1)ay +1]
i=

Similarly, other results can be proved. The proof has been completed. [J

Xn—-1Yn-3 Vi1 = Yn—1Xn-3
Yn-1(=1=xy_1Yyu—3)’ nt Xp—1(—1=Yn-1%n-3)

In this section, we obtained the solutions of the following system of differential equations:

2.2. Second System x,,; =

Xn—1Yn-3 Yn—1Xn—-3 @)

Xyt = , = .
el Y1 (=1 = xy—1Yn—3) il Xp—1 (=1 —=Yp_1x,-3)

The initial values of system (2) are required to be arbitrary real numbers.

Theorem 2. Let {x,, Yy} be a solution to system (2) and assume that x_3 = a, x_p =b, x_1=¢, X9 =d, y_3 =
&, Yo =P, y_1=vandyy = w. Then, forn =0, 1, ... we have

I o - Y o V 1
4n-3 — ﬂn_l’)/n (CDC + 1)71/ 4n—-2 — b”_lw” (dﬁ + 1)71/
(—=1)" "o (ay +1)" (—=1)"d"t1g" (bw +1)"
Xqn-1 = oy s Xan = bion
and
_ (=D _ =)t
Yan=3 = ngn1 (ay +1)" Yan—2 = dngr=1 (bw +1)"
(=1)"a"y"*! (ca +1)" (=" (dp+1)"
Yan-1 = Y ;o Yan = anpr .

Proof. The solutions are verified for n = 0. Next, we let n > 1 and assume that the results hold for n — 1. That

is

. (_1)n—1 Cn_lﬂén_l Ny (_1)ﬂ—1 dn—lﬁn—l
An—7 = 17 in—6 — -1
" a2 (ca 1) " b =21 (dB+1)" !
B (_1)1171 a1 (ay + 1)7171 B (_1)1171 dn'Bn—l (bw + 1)”*1

Xin-5 = an—Ton—1 r Xn—4 = pn—1yn—1

and
(_1)7171 anfl,)/nfl (_1)71*1 pr—1ln—1
Yan-7 = —1’ Yin-6 =

" 1a"=2 (ay 4+ 1) d=1p1-2 (bw +1)" Y

B (_1);1—1 anfl,yn (CDC + 1)11—1 B (_1)11—1 pr—1Ln (dﬁ + 1)”—1
Yan—5 = T 1 s Yan—4 = dn-1gn-T :
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Now, the first relation is given by

X4n—5Y4n—7
Yan—s5 (=1 — X4n_5Yan—7)
(71)"71Cna’171(a"y+1)n71 (71)n71ﬂn—17n—1

X4p—3 =

_ an—lyn-1 c”*la"*Z(a'y-i-l)"_l
ey (ea ) [ ) e ) (1) ey
ch—1yn—-1 an—l,ynfl C”’ltx”*z(u’%l’l)nil
— (1) oy g1 (—1)" o™

a1y (ca+1)" " [14ca] @y (ca+ 1)
Similarly, system (2) leads

Yan-—5X4n—7

Xan—5 (=1 — Yan—5Xa4n—7)
(71)"71u"’1'y“(c1x+1)“71 (71)n716”7]lxn71
cn—1gn—1 ﬂn,27,1,] (CD(+1)"71

(=1)" Lenan—1(ay41)"? 1 (=) lan—lyn(cat1)" " (=)' en—lgn—1

an—l,}/n—l cn—1yn—1 a”*zy"*l(ax—«—l)"*l

_ (_1)fn+1 ay anfl,ynfl B (_1)n an,),n
— - _ n-

a1 (ay+1)" 1 4ay] " (ay+1)

Yan—3

Accordingly, the remaining relations of system (2) can be verified. Hence, this achieves the proof. [

s — Xn—1Yn-3 — Yn—-1Xn—3
23. Thlrd SyStem Tnt1 ynfl(_l_xnflyn—lﬁ’ yn+1 xn—l(l_ynflxn—S)

In this subsection, the solutions of the following dynamic discrete system will be formulated:

xi’l*lyn—?) ynflxn—3 (3)

x - 7 - 7
il Yn— (_1 - xn—l]/nf?)) Ynt1 Xn—1 (1 - ]/n—lxnf?))

where the initial values are required to be arbitrary real numbers.

Theorem 3. Assume that {x,,yn} is a solution to system (3) and suppose that x_3 = a, x_p» = b, x_1 = ¢, X9 =
dys=a y =8 y_1=7vandyy= w. Then, forn =0, 1, ... we have

n—1 n—
cal IIO [(2i) ay —1] arpr IIO [(2) bw — 1]
_ i=l _ i=
X4p—3 = an—lr)/n (Cﬂé + 1)7[ ; Xqn—2 bn_lwn (dlB + 1)7[ ’
n—1 n—1
(—1)" e Hign 38 [(2i +1)ay —1] (—1)"drtlipn 3 [(2i +1) bw — 1]
1= 1=
Xap—1 = anon s Xdn = bieon
and
—1)"ay" —1)" bW
Yan-3 = n(_l ) T ; Yan—2 = n(_l ) ’
ca—1 'Ho [(2i4+1)ay —1] dnpr—1 ’Ho [(2i4+1) bw —1]
1= 1=
a"y" 1 (ca +1)" bt (dB+1)"
Yan—1 = n—1 r Yan = n—1 )
cat ‘Ho [(2i +2)ay —1] danpr ‘Ho [(2i +2) bw — 1]
1= 1=

Proof. The solutions hold for n = 0. Now, we suppose that 7 > 1 and assume that the solutions hold for n — 1.
That is
n—2 n—2
gl 3 [(2i) ay —1] dr-1pn—1 1 [(2i) bw — 1]
1= 1=

Xan-7 = —1 s Xan—6 = -
" a2 (ca 1) " b2 (dB+1)" !
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(=1)" ! d"ﬁ"*fﬁj [(2i +1) bw — 1]

n—2
(=1)" gt I [(2i+1)ay 1]
i=
X4p—5 = a"*l'y"*l s Xan—4 = pn—1n—1
and
(_1)11*1 an—l,yn—l (_1)11*1 pr—1,m-1
]/4n—7 - n—2 7 ]/4n—6 - n—2 7
cn—lgn—2 ‘Ho [(2i4+1)ay —1] dn—1gn-2 'HO [(2i4+1) bw —1]
1= 1=

bn—lwn (d,B + 1)1171
) :
dnflﬁnfl'fno [(2i +2) bw — 1]
1=

L (e 1)”7l
y Yap—4 =

Yan—s5 = 2
cn—lgn—1 ‘Ho [(2i4+2)ay —1]

1=

Next, it can be simply seen from system (3) that

Xgpz = X4n—5Yan—7
a3 =
Yan—5 (=1 — X4n_5Yan—7)
(—1)" e VI [(2i+ay—1] Pttt
i=0 (=D" a""y
an—17n—1 n—2
cn—lgn=2 'Ho [(2i+1)ay—1]
. =
1 =2
an =Ly (cat1)" ! ()" enar ™ I (24 Day—1] (=1)" a1y
-1- an—l,yn—l n—2
e a2 11 [(2i-+1)ay1]
i

n—2
et =UIT [(2i42)ay 1]
i=l

n—2 n—1
co "1 'HO [(2i+2)ay—1] c"a" ‘Ho [(2i)ay —1]
1= _ 1=
oar g (ca 1)

o a1y (ca+1)" 1 [1 + ca]
Furthermore, system (3) gives that

YVan_3 Yan—5X4n—7
h—g =
Xan—5 (1 — Yan—5Xan—7)

n—2
n—1,n—1 . _
A"y (cat1)" ! " la iI:TO[(Zz)a'y 1]

a" =291 (ca41)""1

n—2
cn—lgn-1 41"[0 [(2i+2)ay—1]
— 1=

(—1)" T enan 1 TC[2i41)ay—1 - 111 TE [ (20)ay—1
) cta 1.:0[ 1 ay ] 1 an—l,yn C1X+1)” 1 c & i:(][ r)ay ]
1o n—1 - n—2 —2qn—1 n-1

e cn—lgn—1 _Ho[(2i+2)a'y—1] a2yl (cat1)

i

n—2 .
a’yiHO [(2i)ay—1]

n—2
HO[ 2i4+2)ay—1]
i=

n—2
oy 1L [(20)ay—1]
i=
T 2

l_I:TO[(Zi-i-Z)u'y—l]

) g T (20 ay — 1
(1) T [(20) 0y — 1]

o1 n-2_
(—1)" enan-1 _HO[(21+1)u'y—1]
i=

an—l,yn—l

= n—2 n—2 n=2
cna =t T [(20 + 1) ay = 1] | TT[(2i +2) ay = 1] — ay IT [(2i) ay — 1]
i= 1=

1=

(=1)"a"y"

n—1 ’
ctan—1 'Ho [(2i4+1)ay —1]
i=

The remaining formulas can be shown in a similar way. [
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Xn—1Yn-3 Yn-1Xn-3

24. Fourth SYStem er,l - yn—l(_l_xn—lyrl—3)’ yn+l - xnfl(_l""ynflxn—?))

In the next theorem, we will discover the solutions of the following nonlinear system of difference
equations:

Xn—1Yn-3 Ynsl = Yn—1Xn-3 @)
Yn—1 (_1 - xnfll/n—i%)’ " Xn—1 (_1 +]/n71xn—3),

where the initial conditions are required to be arbitrary real numbers.

Xn+1 =

Theorem 4. Assume that {x,,y,} is a solution to system (4) and let x_3 = a, x_p =b, x_1 =c¢, xo =4d, y_3 =
&, Yy_o=p,y_1=vandyy = w. Then, forn =0, 1, ... we have

B e N e | L
WS Ty e+ 1) TR T i Tn (dB+ 1)
ol (El’y _ 1)" dn+1'Bn (bw _ 1)”
Xin-1 = anop s, Xan = bicon
and
an,),n bnwn
Yan-3 can=1 (ay —1)"’ Yan-2 = dngr=1 (bw —1)"
_ (D" (ea+1)" _ (=D (dp+1)"
Yan—1 = o ;o Yan = dnﬁn :

Proof. It is clear that the relations hold for n = 0. Now, we suppose that n > 1 and assume that the solutions
hold for n — 1. That is

N _ (_1)71—1 c=1an—1 N _ (_l)n—l dnfllgnfl
4n—7 an—Z,Yn—l (C“ + 1)7171 7 4n—6 bn_zwn_l (d‘B + 1)7171 7
N a1 (ay — 1)1 Xaps — A" (bw —1)"!
n— anfl,)/nfl ’ n— prn—1m—1
and
anfl,),nfl bnflwnfl
Yan—7 cn=1gn—=2 (a'y _ 1)”—1/ Yan—6 = dn—lﬁn—Z (bw _ 1)”—1/
I AT () en @+ 1)
Yan—s5 = ch—1gn—1 7 Yan—a = dnfllgnfl ’

Now, it can be obviously observed from system (4) that

Xan_s X4n—5Y4n—7
n—
Yan—5 (=1 — X4n—5Yan—7)
Cn“n—l(a,yil)nfl unfl,ynfl
un—lf},n—l cf’*ltx"’z(a'y—l)”’l
(—1)”’1a”*1'y”(cv<+1)"71 _1 _ C”[X"’l(lz’y—l)’/hl an—l,yn—l
=1 gn—1 an—l,yn—l C”*1N’1’2(a’yfl)n71
R ) 0%,

a1y (ca+ 1) [14ca] @'y (ca+ 1)
Similarly, one can obtain from system (4) that

Yan—5Xan—7
Xan-5 (=1 + Yan—5X4n—7)
(=) a1y (cat1)""1 (1) Len—lgnl
chn—1yn—1 a"fz’y”*l(Ctlel)nil
”*1an—1,yn(ca+l)”*1 (,1)"*1cn—1an—1
cn—1yn—-1 11"72'7"71 (Cﬂt+1)n71

Yan—3

cran=1(ay—1)""1
an—1 ,},n—l

_1 + (71)
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n,n

ay

ctan=1(ay —1)" " [—14ay] a1 (ay—1)"

an,)/n

Other relations can be likewise proved. Therefore, this completes our proof. [

2.5. Numerical Examples
This subsection is allocated to confirm our theoretical discussion by illustrating some numerical examples.

These examples show the behaviour of the solutions of each system.

Example 1. In this example, we describe the behaviour of the solution of system (1). Our initial data has been
taken as follows: x 3 = 0.21, x_ = —0.25, x_1 = —0.082, X =2, ¥ 3 = 1.06, y 2 = —0.4, y_; = —155and
yo = 0.082. See Figure 1.

10" Plot of The First System

x(n)
¥(m)

15

1

E 05
=
B

]

-0.5

-1

10 20 30 40 50 60 K
n

Figure 1. Model of the system.

0

Example 2. This example demonstrates the plot of system (2). The initial values are considered as follows:
x_3=022, x_»=-025x_1=02, x0 =06, y_3 =103, y_», = —043, y_; = 1.5and yg = 0.8, as depicted
in Figure 2.

x10' Plot of The Second System

X(n),y(n)
=

Figure 2. Model of the system.

Example 3. Here, we plot the curves of solutions of system (3). Figure 3 presents this behaviour under the
following initial values: x_3 = 0.03, x_» = —0.2, x_; =10, xo = —0.05, y_ 3 =2, y_» = —4.1, y_1 =14 and

Example 4. Figure 4 illustrates the behaviour of the solution of system (4). The considered initial conditions
in this example are given as follows: x_3 = 0.02, x_p = —0.2, x_1 = 021, xp = —0.03, y_3 = 0.1, y_, =
—49,y_1=1,yo= -1
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<10° Plot of The Third System

x(n),y(n)
Y
L i@
—]
]
—_—

Figure 3. Model of the system.

Plot of The Fourth System

X(n),y(n)
h bk b b A o w o e s

Figure 4. Model of the system.

3. Conclusion

This paper has been written to highlight the analytical and numerical solutions of four different systems of

difference equations. In subsection 2.1, we have provided the solution of System 1 and illustrated its behaviour
under specific conditions in Figure 1. Theorem 2 and Theorem 3 presented the exact solutions of System 2 and
System 3, respectively. Finally, Figure 4 demonstrated the curve of the solution of System 4 which is given in
Subsection 2.4.

Author Contributions: All authors contributed equally to the writing of this paper. All authors read and approved the
final manuscript.
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