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LP— BOUNDEDNESS FOR INTEGRAL TRANSFORMS
ASSOCIATED WITH SINGULAR PARTIAL DIFFERENTIAL
OPERATORS

LAKHDAR T. RACHDI', SAMIA SGHAIER

ABSTRACT. We define fractional transforms %, and ¢, p > 0 on the
space R x R™. First, we study these transforms on regular function spaces
and we establish that these operators are topological isomorphisms and we
give the inverse operators as integro differential operators. Next, we study
the LP-boundedness of these operators. Namely, we give necessary and
sufficient condition on the parameter u for which the transforms %, and
M, are bounded on the weighted spaces LP ([0, +o0o[xR"™,72%dr ® dz) and
we give their norms.
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1. Introduction

Let D;j, 1 <j<mn,and Z,, u > 0, be the singular partial differential operators
defined by

0
D= —
J 8wj
= 0. 2u0 0 2. n
“uf(ar) r 8T'+j:1(8.%‘j) 7(Tvx) 6]07+OO[XR >/L>0-
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E, is a Bessel-Laplace operator.

When p = "7*1; n € N*¥, E% is the Laplacien operator on R™ x R™ when acting
on the functions f : R® x R® — C, that are radial with respect to the first
variable.

For every (Ag,A) € C x C™, the system

Dju(r,z) = —i\ju(r,z),1 <j<n
Epu(r,z) = —(Ag + X)u(r,z)
0
u(0,0) =1, Eu(o,x) =0,V € R"
admits a unique solution given by
ProA(r, @) = j,_ 1 (rho)e” M, (1)
where
A=A+ A2+ A2 A= (A, g, )
<>\|.T> = A\x1 + Aoy + ... + A2y
Ju— 1 is the modified Bessel function given by
. _1 1 Jufl(s)
Ju-i(s) = 2°720(p+ 5)5“7%

_ 1 (=" S\2
RGP DYy v 151

2T(u+1) /!
(it 3) / (1 —t*)*~ 1 cos(st)dt,
0

and J,,_1 is the Bessel function of first kind and index p — ([ 2,3, @).

V7 T ()

The eigenfunction 9y, allows us to define the Fourier transform %,

con-
-
nected with the operators D;, 1 < j <n and £, by

Nl

Fay 00N = [7 [ sy atradn, )

| [ s e e, )
0o Jre

where f is any integrable function on [0, 4+00[xR™ with respect to the measure
r2hdr dz

duu(r,x) = 2#-% I‘(MJF%) & (27T)%. (3)

Many harmonic analysis results related to the Fourier transform ﬂlh 1
tablished ([5, 6], [7), [8], @] [10]).

Also, many uncertainty principles have been cheked for this transform ([IT], 12
13, [14]).

are es-
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On the other hand, the eigenfunction 1y, » admits the Poisson integral repre-
sentation

20(p+3) 1,
Proa(r,a) = i 2yl
A= )
20(p+ %) [* .
= 7(# 2) / (1 —t3)r=t cos()\ort)e_1<)“””>dt. (4)
VT () Jo
Using the relation (4), we define the fractional transform 2, on €.(R x R") (the
space of continuous functions on R x R™, even with respect to the first variable)
by

/ (r2 — t2)P L cos(Ngt)e * A2 dt
0

#ulD)ne) = W’"”" /OT(thz)ulf(t,x)dt; (r, ) €]0, +o0[xR"
_ w 1 _ 2\p—1 o (. n
= A [ eyt e cR xR )

This involves in particular, that

Yrga(r,z) = %#(cos()\g)e*i()‘l'))(r,x), (6)
which gives the mutual connecion between the functions 1y, » and cos(Xg-)e A",
On the other hand, we shall prove in the next section that for every integrable
function f on [0, +o0o[xR™ with respect to the measure dv,(r,z) and for every
bounded function g on R x R™, even with respect to the first variable, we have
the duality relation

| [ seomeien = [ gm0 eman.am

where
dm is the Lebesgue measure on |0, +o00[xR"™,

dm(r,z) = \/Edr®(;§;- (8)

J€, is the fractional transform defined by
_ 1 T avu-t
HDe) = s [ E = a2
The relations ((2)), @ and ([7) show that for all integrable functions f,g on
[0, +0o[xR™ with respect to the measure dv,(r,z), we have
Fu-i(f) = NoA(f) 9)

and

Hu(frg) = Hu[)*0 Hu(9), (10)
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where
A is the usual Fourier transform defined by

o0
AN = [ [ sl cos(han)e Neldmr, ),
0o Jre
* is the convolution product associated with the Fourier transform %7 1
%, is the usual convolution product defined by

Frogtra) = [ [ feonao)s vy

and o, is the usual translation operator given by

oalf)sy) = 3 (fr+soty)+flr—shaty) Q1

Our purpose in this work is to study the fractional transforms &%, and ¢, in
two ways.
In the second section, we will prove that the operator %, is a topological iso-
morphism from &, (]R X R”) (the space of infinitely differentiable functions on
R xR™, even with respect to the first variable) onto itself and we give the inverse
operator %; I as integro-differential operator .
Next, we show that the fractional transform 7, can be extended to i € R and
that for every p € R, J7, is a topological isomorphism from the Schwartz’s
space .7, (R X R") (the subspace of &, (R X R") consisting of rapidly decreasing
functions together with all their derivatives) onto itself whose inverse operator
is A = A
The precedent results imply in particular that %, and J¢,, are transmutation
operators of Dj, 1 <j<m,and Z, to D;, 1 <j <nand A, where
0 "0
A = (=) —)2
(67") * Z(azj)
=1

That is, for every f € &.(R x R")

Dj%/t(f) = ﬁuDj(f)a I1<j<n

Ew@u(f) = %y A(f),
and for every f € .7.(R x R")

D, (f) = AuDi(f), 1<j<n

A = Ao Zu().

The third section contains the main results of this paper. In fact, we study
the LP— boundedness of the operators Z, and ¢, on the weighted spaces
L”([O7 +oo[xR™, rzadr®dx), p € [1,400]. We recall in this context, that studing
the LP— boundedness of integral transforms connected with differential systems
is an interesting subject because knowing the range of parameters p, p for which
an operator is bounded on Lebesgue space gives quantitative information about
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the rate of growth of the transformed functions ([I5} 16l [17]) .
In this work, we give necessary and sufficient conditions on the parameters
i, a, p for which the operator %, (respectively .7,) satisfies

12 (Dl < CpaplIfllpar (12)

respectively

A (Nlpa < Dpap |2 f] p,a: (13)
Moreover, we give the best (the smallest) contants Cp 4, and D,, 4, that satisfy

the relations and .

2. Fractional transforms

2.1. The fractional transform %,,. The space &, (R x R") is equipped with
the topology generated by the family of semi-norms
Eni(f) = sup |D*(f)(r,2)|, (m, k) € N,

BING

and the distance

= " Poi(f—9)
d(f,g) = m;:0<5> +km'

Lemma 2.1. 3. For every pu > 0, the transform %,, is continuous from &,(R x
R™) into itself.

ii. The operator — = —— is continuous from &.(R x R™) into itself.
or2  ror
Proof. i. For every f € &.(R x R™), we have
M(u+3) [
AN = 2 [y,
8 VT T(w) Jo

this shows that the function Z,,(f) belongs to the space &, (R x R™). Moreover,
for every (ap,a) € N x N"

Do @) = I [y pen gy i

thus, for every (m, k) € N%, Py, 1.(Z,(f)) < Pri(f).
ii. For every f € &.(R x R™)

) Loty
ﬁ(f)(ﬂl’) - 0 W(Tt.’t)dt
Hence, the function %( f) belongs to the space &,(R x R™) and for every
(ag, @) € N x N?

9 1
D(ama)(wf) (r,z) = /0 taoD(ao+2,a)(f) (rt, z)dt,
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so, for every (m, k) € N2, P, (52 (f)) < Pois2(f)- U

In the following, we shall prove that Z, is a topological isomorphism from
&.(RxR™) onto itself and we give the inverse operator. For this we need following
notations:

r2&, (R x R™) is the space defined by r2*&,(RxR™) = {f : R\{0} xR" — C, f
is even with respect to the first variable and f(r,z) = r?*g(r,z), g € &.(RxR")}
r22&, (R x R™) is equipped by the family of semi-norms

Prjea(f) = Pap(r™2"f).
j@z is the transform defined on r?*&,(R x R"), a > —1, by

= 2r "
X, (f)(r,x) = 7/ r? — )L E(t x)dt, T > 0.
WD) = g |62
Proposition 2.2. i. For every a > —%, the operator O defined by
9 frz)
O = —
(Nrz) = o (=)

is continuous from r?(@THVE, (R x R™) into r>*&,(R x R™).
ii. The transform 2, is continuous from r22&,(R x R™) into r2(@+1) &, (R x R™).

Proof. i. Let f € r2(@tD& (R x R™); f(r,z) = r2*2g(r,x), g € & (R x R™)

Of(r,z) = 7'2“((2(1 + Dg(r,x) + r%(r, x))

0
Since, the map : ¢ — (2a+1)g+ ra—g is continuous from &, (R x R™) into itself,
r

then, the function OJ(f) belongs to r22&,(R x R™).
Moreover, for every (m, k) € N2

~ 0
Prra@(f) = Pax(a+g+r3d)
< Cpm’,k’ (g) = Cﬁm’,k/,a+1(f)7
where C' is a constant.

ii. For every f € r*&,(R x R"), f = r?%g, g € &.(R x R") and a > —%, the
function

7 _ 2r "o o n—1,2a
ADra) = grios [ =2yt
27,2a+2ﬂ 1
= ——— [ A=) (tr,z)dt
5o [, (1= 8 ey (ina)
belongs to the space r2(@tH &, (R x R"), and for every (m, k) € N?

- - 2

P katn(Zu(f)) = Pm,k(m/o (1—t2)a_1t2“g(tr,x)dt)



LP— boundedness for integral transforms 59

T(a+ 1)
20 T(p+a+3)
Lla+3) =
—21P’m,k,a(f)'
20 T(p+a+3)

P’m,k(g)

O

Proposition 2.3. For all p,v >0 and f € r*?&,(R x R"), a >
B0 () = Rurof).

Proof. For all  ,v >0 and f € r?*&,(R x R?), a > —3

By o Bo(f)(r, )
_ 2r Tr272;h1 t27$2u71 s 2)ds
- T r(y)/o( £2) Qt(/o(t Lf(s, )d)dt.

Applying Fubini’s theorem we get
Ky o Ry (f )(r, @

T T / f(s,x) / — A2 — 52)”712tdt)d5,

T I‘ I‘
however, / (r® =) (e? = ) 2tdt = W(ﬁ — g2utv-l,
This completes the proof. 0

1
—5 , we have

Proposition 2.4. i. For every > 1 and f € r**&,(RxR"), a > —f, we have

OZu(f) = Fur()).
In particular, for every p >0, k€ N

O B (f) = Hulf)- (14)
i5. For every f € r®*D& (R xR"), a> —% and p> 0

Z.0f) = O%u(f): (15)
In particular, for every f € 2@t &, (R x R"), a > —%, keN

BT () = D). (16)

Proof. i. Let f € r?*&,(R x R"),
DN = g [ 02— 2
srt [ =
1(f)(’)",f£),

G
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and by induction, we deduce that for all u >0, k€ N

O B (f) = Zulf).

ii. Let f € r2(@tD &, (R x R™), by Proposition the function O(f) belongs to
the space 2%&,(R x R™) and we have

—_— T a
N0 =gy [ - e e
Integrating by parts, we get
Ru(f)(r,x) = m/o (r? = )POf (t, z)dt,
S0,
O0%.(f)(r,z) = %m) / (r? — 2)P1O0f (2, )dt

= Z.(0f)(r,x).

Now, suppose that for every f € r2(@Tk) &, (R x R?), Dk%(f) = %(Dkf),

let g € r2etk+D) g (R x R™).

Then, the function Cg belongs to r2(*T*) &, (R x R™), and by hypothesis
Dk%ﬂ(mg)(ﬂ T) = %M(Dk+1g>7

on the other hand, by relation and the fact that Og € r2@tF &, (R x R™) C
r2(@+t) g (R x R™), we have

0%, (Cg)(r.x) = O 7, (g).
The proof is complete by induction. U

Theorem 2.5. For every k € N\{0}, the operator % is an isomorphism from
r22&,(R x R") onto r2(@+H &, (R x R™); a > —3. The inverse operator is given
by

—~ —1

%, =0

Proof. Let f € r?*&,(RxR™). From Proposition the function %C(f) belongs
to r2(@tk) & (R x R") and by relation, we have
O* k() = 00" ' By ()
= O%(f)
f
Let g € r2(@tR & (R x R") C r?%&,(R x R™), by relation
A (OF(g)) = O'Zlg)
This achieves the proof. O
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Theorem 2.6. For every p €]0,1], the fractional transform % is an isomor-
phism from r2*&,(R xR") onto r*@+W &, (RxR™),a > —%. The inverse operator
s given by
—~ 1 ~
R, =0%_,.
Proof. Let g € r?2(@tM &, (R x R™),
g(r,x) = r2* T2 ph(r 2); h € & (R x R™),

D@l,ﬂ(g)(n x) = 0 2 /T(r2 - t2)*/‘t2“+2“h(t,x)dt>

or (21—@(1 - Jo

o 27,2a+1 1 )
= “\oagsw7—— _ —pp2a+2p
- Or (21*/11“(1 — ) /0 (1—t7)"" h(tr, a:)dt)
2a 1
= 2(20, + l)m/o\ (1 _ tz)_ﬂt2a+2ph(tr7 J])dt
,,,2a+1 1 ah
92— 1 — 2y —np2a+2u+1 9 gt
* 21_MF(1 — M) /0 ( ) ot ( T, 93)
= 221_(1%;(—?1))1 /T(TQ _ t2)_ut2a+2”h(t7x)dt
" _ /_,[, r 0
2 L (" 9 ov—p2at2u41 90
—_——— _ 2 a2t 1 Yy oy
T oot F(1_M)r/0(’" ) 8t(,x)

We deduce that
%0 (01 9) ) ()

_ M ' r? —2)rl
T2l (p) F(lfu)/o =)
2.2r "o ot
A=, ¢
= ]1’#(7’755)4—]2,”(7",:3)-

¢
(/ (t? _52)_“32‘1+2“h(87x)d8)dt+
0

! oh
2 2\—p 2a+2p+1
(A (t* —s7)7Fs 55 (s,x)ds)dt

| =

From Fubini’s theorem, we have

(2a+1)r /r /T 2 o\u—12  2y—p2t 2a+2
I, (rz)= =————"— hs,z( re—t)H T (5 —s “—dt)s at2nds.
i) = B s ([ 2yl
Let
J — [y - ey
o) = [ (2 eyt -ty K
By the change of variables w = :i:ii, we get

1 [t wWhH1 —w) ™

) 2_c2
2 0 1_T7.2S

J(r,s) dw
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1 2 — s k ! Kk 1
L Yy (At )/wﬂ“ (1 — w)~Fdw
k=0

0

= F(l—u)if(k+u)(r2—s2)k

72 k! r2
k=0

= T(p) D1 — p)r2—2s72m,

So,
Ly(r, @) = (20 + 1r2e=t / h(s,x)s**ds
0

As the same way,

I, (r,x)
r " Oh " _ _ 2t .
T, 3@ 0 = 0r e = )

= 7‘2"_1/ @(S,x)smﬂds.
0 as
Consequently,

Fu( @) ) = 7 [ (Ca )ns0) + 20 G ) ) ds

0s
= p2u-l /T 2(.92““}1(5 x))ds
a 0 68 ’

= 7?2 h(r, x), because a > —3
= g(r,x).
On the other hand, from Proposition and for every f € r2&,(R x R"),
0% Zu(f) = DO%(f)
— f.
This completes the proof. O

Lemma 2.7. Let p € R, p > 0. For every ky, ko € N\{0}, k1—p > 0, ka—p >0
and for every f € r2(@t*M &, (R x R™), we have

O R, () = O Ry ().
Proof. Let k1, ko € N\{0}, k1 —p >0, ko — >0, and k; < ko,
DkQéZZkrﬂ(f) =0O* Dkz_klg?kQ—kl+(k1—u)(f)7
applying relation , we get
0% Ry (1) = 0% Tk ().
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The previous Lemma allows us to define the fractional transform % for every
uweR.

Definition 2.8. For every p € R, p > 0, the fractional transform @:L is defined
on 2@t & (R x R") by

Ay(f) = O B (),
where k € N\{0}, &k —p > 0.
In particular, for f € r2(¢+#) & (R x R™)

%—M(f) = DE(“)—HQ?E(/J)Jrlfu(fL
where E(p) is the entire party of .

Remark 2.9. According to deﬁnition and for every f € r?¢&,(RxR"), a >
—%, we have
Zo(f) =0%(f) =T,
that is s
:@0 == Idrzaéae(RX]R")'

Theorem 2.10. For p > 0, the fractional transform % is a topological iso-
morphism from r22&.(R x R™) onto r2@+W&, (R x R™), a > —1. The inverse
operator is given by

@ =9,

Proof. For i € N, the result follows from Theorem [2.5]and Remark [2.9] Let u €
10, +00[\N, for every f € r?%&,(R x R™) and from Proposition [2.3|and Theorem

25 we have

'%\—/ﬂ(%ﬂ(f)) = DE(M)HQZE(H)H—M (*@u(f))
DE(”)H@E(H)HU)
I
Conversely, for every g € r2(¢+#) &, (R x R™),

B0 B u(9) = R0 1 -4(9),
let v = pu — E(u), then v €]0,1[, and

‘@M o @:(g) = @;@E(#)DE(“)Djl_V(g)
(

Since, (0%, (g) belongs to r2@+E) & (R x R™), then, Theorem involves
that

Ry o R—(g) = %, 0%, (g).
The result follows from Theorem O

Now, we have the following important result.
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Theorem 2.11. For every p > 0, the fractional transform %,, defined by relation

@ is a topological isomorphism from &.(R x R™) onto itself.

Proof. For every f € &.(R x R"),

24 T(n+ 3)
e

From Theorem the transform % is a topological isomorphism from &, (R x
R") onto 72#&,(R x R™). On the other hand, the map

oy

Ry, (r,v) = TﬁQ“%(f)(Ta ).

is a topological isomorphism from r2&,(R x R™) onto &,(R x R™) .
Consequently, %, is a topological isomorphism from &, (R x R™) onto itself.
Moreover,

N

ey e

Zy (F)(r, @)

VT emig
— OFm+1g (p2m )
26 T(p+ 1) B+1-u (1) (r, 2)

O

2.2. The fractional transform .7,. We recall that the space .7 (R x R") is
equipped with the topology generated by the family of norms
Nu(f)=  max_ (147 +[c)*D(f)(r,2)], meN.

(r,x)ERXR™
k+|al<m

By a standard argument, for every f € .7, (R xR"™), the function %(f) belongs
r
to (R x R™) and for every m € N,

0
N (55 (F)) <27 Ninys (f).

0

This shows that the operator e is continuous from .7 (R x R™) into itself and
T

consequently the operator =, is also continuous from .7, (R x R") into itself.

On the other hand, for every f € .Z.(R x R™) and for every k € N, we have

T+ X+ PPEZ, (D00 = Z 1 ((T=E0H)) Mo, V). (17)

Where I is the identity operator.
Using the relation and the inversion formula for .7, _ 1 that is for every

f € L*(dv,) such that %_%(f) belongs to L'(dv,) , we have
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we deduce that the transform }ﬁi_
onto itself and

1 is a topolgical isomorphism from .7, (R xR™)

()

t
M»—-

where f(r,z) = f(r,—z).

Lemma 2.12. For every f € L'(dv,) and p > 0, the function

G, (f)(t,x) = ﬁ /:O(rQ _ t2)u—1f(r,m)2rdr,

is defined almost every where, belongs to L'(dm), where dm is the Lebesgue
measure given by relation (@), and we have

AL lm < 1 F v,

Proof. By Fubini-Tonnelli Theorem’s, we have

/ /ﬂle%” )(t, x)|dm(t, )
\/72;1 T ,ul) 2m) % / /n / t2)“_1|f(7‘,x)|2rdr)dtdx
- \/>2u ( 1) orm)3 / / (r,z) / (r® —t2)“*1dt)2rdrdg;

(1)(
1
= 5 / / (r, z)|r*drdx
2073 (n+ 5)(2m) 2 "

N

O

Proposition 2.13. i. For every f € L'(dv,) and every bounded measurable
function g on [0, +oo[xXR", we have the duality relation

| [ teog@eoiea = [ [ e dnt.o)
0 Rn 0 R™
it. For every f € L'(dv,)
Fuy(f) = Ao (f), (18)
where, A is the usual Fourier transform defined on L'(dm) by
AN = [ [ fercostra)e O amr, )
0 Jre

Proof. i. Tt is clear that for every bounded function g on [0, +oo[xR"™, the
function #,,(g) is also bounded on [0, +oo[xR™.
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Consequently, the integral / f(ryx)Z,(g)(r,x)dv,(r,z) is well defined,
0o Jrn
and we have

e o 2r
L e am@enanen =[] e

(/OT(T2 ) 1g(t, a;)dt)drdx

X

By Fubini’s Theorem,

/oo . f(T, -’If)%u (g)(r, J,‘)dl/H (f,n7 l‘)

/ / (3 T'(p )/00(7‘2 — )" f(r,@)2rdr) x \/Edt(gﬁg
/0 / g(t,x) 7, (f)(t, z)dm(t, z).

ii. Let f € L'(dv,), we have

Fay 00N = [ [ s, st aidn, )

and by the relation @,
%7% (Ao, A / - f(r,x)% (cos()\o.)e_i(AH)(r, x)dv,(r,x),

and by the relation of duality, Proposition 2.13} we obtain

Z 1 (D00 N)

/000 - A, (f) (7, x) cos(Aor)e "M dm(r, z)
= Ao Au(f)Po, N).
O

Corollary 2.14. For every jn > 0, the fractional transform ¢, is a topological
isomorphism from 7 (R x R™) onto itself.

Proof. Since the Fourier transforms A and %7 1 are topological isomorphisms
from .7, (R x R™) onto itself, the result follows from the relation (L8). O

Next, we will prove that the fractional transform 47, can be extended to € R
and we give the inverse operator ., '.

Proposition 2.15. For every u, v >0 and f € Z.(R x R™),
A0 A, (f) = Hjiyu (f).
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Proof. Let u, v >0 and f € 7. (R x R"™)

Ay 0 A (f)(r,x)

1 002 2\p—1 e 2 2yw=1g(g 2)2sds
:W/T (" —77) (/t (s? — )" f(s,2)2sds)2tdL.

Applying Fubini’s Theorem we get
I, 0 I, ( Hr

— _2yw—lg2 2\l
= S (L) F / f(s,x) / )R — r?)r R 2tdt) 2sds,

however,
s T'(p) T
/ (52 _ t2)u—1(t2 _ 7“2)“_12tdt _ (1) T'(v) (32 _ r2)u+1/—1,
T
this completes the proof. O

Proposition 2.16. i. For every f € .7.(R x R™) and p > 0, we have

0 0
) = Az ) (19)
i. For every f € (R x R™) and pu > 0, we have
0
 Hr () = A ). (20)
Proof. i. Integrating by parts, we get for every f € Z.(R x R™),
_ _; =2 12 uai
H0)2) = g [ 0~ VG (e
Hence,
i — 1 =2 _ 42 uflaif
G ta) = g [ @t =yt S
0
= %(wf)(tm)'
ii. For every f € Z.(R x R™), pu > 0, and from relation ,
0 0
o a1 () = A (55 F).
So, for every (t,z) € R x R™,
0 _ 0 1 0 o
HnGabo) = 55 (2u+1 T(u+1) /t 0 = €)', )2rdr)
= —A.(f)(t ).
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Corollary 2.17. Let u be a real number. For allky, ko € N, k1+u >0, kot+p >
0 and for every f € Z.(R x R™), we have
0 0
(D" A (5 F) = (D A () F).

Proof. Let ki, ko € N, k1 < ko, k1 +p > 0 and k3 + u > 0. From Proposition
2.16} it follows that for every f € 7. (R x R™),

(1) A () )
= DRI i (o) () (1))
= ()P S, () ).

O
Definition 2.18. For every p € R, the fractional transform 7, is defined on
(R x R™) by

HF) = (D A ) = (D ) A (),

where k e N, £+ p > 0.

From Corollary [2.17} the expression ., in Definition is independent of the
choice of k € N, k+ > 0.
For every f € 7. (R x R"),

0
%(f)(tax) = 7@%(;/:)(1571‘)
10 e
= —;a(/t f(r,x)rdr) = f(t,x). (21)
Proposition 2.19. i. For every u, v € R and f € (R x R™).
A0 A, (f) = Hjiu (f) (22)

1. For every u € R, the fractional transform J€, is a topological isomorphism
from . (R x R™) onto itself whose inverse isomorphism. is

A=A

Proof. i. Let u, v € R, kq, ko €N, k1 4+ >0, ko+p > 0and f € 7 (RxR"),
we have

Ao S = H((-1 (o) Ao ()
= P, () Ao () (1)

0

= ()", o v+k2((@)kl+k2(f))'
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Now, from Proposition we deduce that

. 0
Ao () = (—DFFRRp ((@)kﬁ-kz(f))

= %+V(f)v
because pu+ v + k1 + ko > 0.
ii. The result follows from relations and . O

3. LP-boundedness of the fractional transform %Ju and J7,

This section contains the main results of this work. In fact, we study the
boundedness of the operators #,, and 7}, on the the weighted Lebesgue spaces
LP ([0, +00[xR™, r?*drdz), p € [1, +oo[ equipped with the norm

/ / (r,x |pr2“drdw) , f1<p<+0
1 llp.a = "

ess sup |f7’:17|7 if p=+o0.
T oo[XR™

For convenience we refer to thls space as LP(dv,) with dv,(r,z) = r?**drdx.
3.1. LP-boundedness of the fractional transform %,,.

Proposition 3.1. For every a € R and every p > 0, the fractional transform
R, is bounded from L (dv,) into itself and

[ Zullooye =  sup [ Zu(f)lloc,a = 1.

| |oo,a\

Proof. Let f be a bounded measurable function on [0,4oc0[xR™. For every
(r,x) € [0, +00[xR",

2(p+3) [ 2
B < A2 [y
! Val(e) Jo
M (n+3) [*
< Wllac 2 [ 1=y tar
Val(u) Jo
= ||f||ooa
This shows that the operator Z,, is bounded from L*(d~,) into itself and that
1%l < 1.
However, #,,(1) = 1, this shows that
2l loo e = 1.

U
Theorem 3.2. The operator #,; > 0 is bounded from L'(dv,) into itself if

and only if a < 0 and in this case
D(u+ 1)(—a)

H‘%#”L’Ya: ﬁl“(,u—a) :
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Proof. Let a € R, a < 0. By Fubini-Tonnelli Theorem’s and for every f €
Ll(d’Ya)a
/ / |2, (f)(r, ) |dvye(r, )
2T (
e / / e (o, ), )

B A

N

_ 20(u + 3) _2\p—1,—(2a+1)
= lflh o= pct /Ou 2yt et gy
L(u+ 3)T(—a)

= mﬂfﬂl,a-

Consequently for a < 0, the transform Z,, is a bounded operator from L'(d~,)
into itself and ( 1P(—a)
I'(p+35)I'(~a
|l € — = ——7
vV L(p—a)
On the other hand, for every nonnegative f € L(dy,), we have

_ T(u+3)r(-a)
b /AT a)

L(p+ 3)0(—a)
VA L(p—a)

For converse, let a € R, a > 0 and let f € L(dy,) be a nonnegative function
such that ||f||1,a = 1. We have

12, ()]

1f1la

We conclude that
H%;L”Lva =

N pree
18 = — == oy = 40

This completes the proof. O

Theorem 3.3. Let p €]1,4o00[. The operator %, p > 0, is bounded from
L?(dv,) into itself if and only if 2a + 1 < p and in this case

D(p+ 3T (=5

VA D+ =50

Proof. Let p € ]1,+00[, 2a + 1 < p. From Minkowski’s inequality [I8] and for
every f € LP(dv,),

G fo(“;( )>/0 et ([T (tr, )Pl di

o 2F(ﬂ+) 2\pu—1,—2 “
- IF()anp,a/O( S

Zullp e =
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T(p+ $)T(=5)
N &EﬁLﬂUm“

2p
This proves that for 2a 4+ 1 < p, the fractional transform %,, is bounded from

L?(d~,) into itself and

P+ 3)0 (=5

VA T 2GR

Zullpre < (23)

Let n > 0 and let

n—(2a+1)

fo(ryx)=r"">» 1]071[(7’)1_[?:11]071[(&6]')7
then fo belongs to LP(dv,) and

| follpa = (=)7.

S|

On the other hand,
|2 (fo)(r, )]

20 (1 + § ’ s
> mrl_m‘(/o(rz 2 ) 1 ()T 1y ()
1 —(2a+1
B 2% Mr+( >)fo( @) /0 (-
D(p+5)TG + =5

2p
= fo(r,x).
f F(H + + n— (2a+l))
Integrating over ]0, +oo[><R” with respect to the measure dv,, we deduce that
for every n > 0,

L(pt 5)0 G+ =5

I =
ppy f F(M+ + M)
This involves that
P(p+ 3)0 (=5
1 Zullpra = . (24)

v D+ =)
The relations and imply that for every a, 2a+1 <p

P(p+ 3)0 (=5

VA T+ G

2p

||%u||p,’ya -

Now, we prove that, for 2a +1 > p, %, does not map L?(dv,) into itself. To
prove this we have following two cases:
Case 1. Suppose that 2a + 1 = p and let

1 n
go(r,z) = m1]0,1[(7")Hj:11]0,1[($j)»
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then, gg belongs to L?(dv,) and we have

lgollZ _/1 dr _/0 ds 1
Pllpa = | (@ —m(r)y ) o U—sp p—1

However, for every (r,z) €]0,1[x]0, 1[",

wrl—%t " 7“2— 2 ”_1L - e
VL (i) /0 = O i myy ~ T

in particular %,,(go) does not belong to L”(dv,).
Case 2. Suppose that 2a + 1 > p and let n € R; —% <n < —1and let

Hu(90)(r, ) =

ho(r, z) = r"1yo,1((r)I7_1 1)0,1((2;).-

Then the function hg lies in LP(d~,) and

1
holf g = ————.
H 0||p,a pn+2a+1

But, for every (r,z) €]0,1[x]0, 1[",

2T (u + 1

('u2)7a77/ (1 _ t2)u_1tndt = 400

v L(p) — Jo

Hence, for 2a + 1 > p, #,, does not map LP(dr,) into itself and this completes
the proof of theorem. O

Hyu(ho)(r; x) =

Combining Proposition (3.1), Theorem (3.2)) and Theorem (3.3) , we claim the

following interesting result.

Theorem 3.4. For every p € [1,400], the fractional operator %,, is bounded on
L?(dv,) if and only if 2a + 1 < p and in this case
—(2a+1
D(p+ 3)0 (=5
VA D+ )

Remark 3.5. The case a = in Theorem is important because the mea-
sure dv,, defined by the relation is connected with the operators Dj, 1<75<

6‘

||*%7u||prya =

n and = and the Fourier-Hankel transform -1 given by relation and in
this occurrence, %, is bounded from L?(dv,,) mto itself if and only if Q,u +1<p

and we have

P(p+ HPC=5)

VATt )

| ullp e =
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3.2. LP-boundedness of the fractional transform J#,. We denote by
r=21LP(dv,) the space defined by r=2*LP(dvy,) = {f :]0,+oc[xR" — C, f
is measurable and the function (r, z) — r?* f(r, z) belongs to LP(dvy,)}
r~21LP(dr,) is equipped with the norm

Nzw(f) = ||7“2“f||p7a-

Theorem 3.6. The operator S, p > 0 is bounded from r2 LY (dry,) into
LY(dv,) if and only if 2a +1 > 0 and in this case
F( 2a+1 )

N- a% e sup FC f a:—z.
177( u) ||r2“f||1,a<1H u( )Hl o F(U"_Qa;l)

Proof. Suppose that a > —% and let f € r~2*L(dv,). We have

r2H

A1) (r, ) )/1 (€2 — 1)V f(rt, ) [2tdr.

| < o
20 T(p
Applying Fubini-Tonnelli Theorem’s, we get

/ /’f 7“$|d’}/a7“l‘
2n F(u) / (# = 1) 1 / / P2 f(tr, x) |drdx)2tdt

1 oo
— 2p " $2 _ )1 Cut2a4) 9p gy
12 fll o5 r(m/l Gy

By the change of variable s = t%, we have

()

1 /OO 2 —1,—(2u+2a+1)
(2 — 1l @ut2et gy — 2 3 2
() i 20 T (p 4 22£L)

26 T(p

This shows that for every f € r=2¢Ll(dvy,), the function 5,(f) belongs to
L'(dv,) and

(2a+1)

2 20
Il < g2 gy Sl

On the other hand, for every nonnegative function f € r=2#L!(d~,), we have

(2a2+1)

6Pl = gy

I (25)

Hence, for a > —3, the fractional transform ., is continuous from r=2*L!(dr,)
into L (dv,) and

F(2a2+1)

N1 () = —— 5~
T 2 D+ 2



74 L. T. Rachdi, S. Sghaier

For Converse, let a < —% and let f € r=2#L(d~,), f nonnegative function such
that

[[r® f]|1.o = 1. From relation
()10 = 400,
which proves that for a < —%, the operator 7], does not map the space

2L (dry,) into LY (dy,). O

Theorem 3.7. For every p €]1,+00[, the fractional transform ¢, is bounded
from r=2HLP(dv,) into LP(dv,) if and only if 2a +1 > 0 and in this case

(2%4-1)
Ny ()= sup  [H()llpa=——P2r .
Y2t ( l) ||r2Mpr,a§1 H H( )||p,a U F(M + 2(;—;)-1)

Proof. Let a > f% and f € r~2LP(dy,). By Minkouski’s inequality, we have
A (F)p.a

ﬁ(u) /100@2 - W_l(/o‘” /nw”'f(tﬂ o) y'r**drda) "ot

]- o 2pp+2a+l
= [Ir*fll ,ai/ (2 — D" 2tdt
Pon (p) Jy

N

(2a+1)

_ 2p 24
= Sz I
2 Dlp+ 25,%)

p,a*

Consequently, for a > —%, A, is a bounded operator from r~2*LP(d,) into
L?(dv,) and

F(2a+1)
Ny~ () < — (26)
PyYa M o F(,LL"‘ 2(;;1)
Let n € R, n > 0, and let
o, 2atn+1 n
Folr.a) = 72770 oo (ML) Lo, (;)-
The function fo belongs to r=2#LP(d~,) and
1.1
2Mf — (Z\p
r @ v,
|7 follp, (77)
Moreover,
|7 (fo)(r, )|
= Au(fo)(r,z)
1 o0 4 o 2atl4n n
Z M(M)(/ (t2 *7’2)” 1t 2u P Qtdt)1[17+OO[(T)HJ-:11]0,1[($J')
F(2a+l+n)

— 2p 2uf
= - rt fo(r, x).
o1 T(p + 20140 ;117“7) ()
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Thus,
F(2a+1+n)
I, fO a = 2 TQMfO a
I > =gy I ol
and then, for every n > 0,
2a+1+
(=5

Nﬂ%(%) = o F(u—F 2a—;11)+77)'

This implies that

r(%g)

Npro () 2 ————5—7-
Y2t H o F(,LL"_ 22;1)

(27)

Combining the relations and , we deduce that for a > —%, the fractional
transform %, is a bounded operator from r~2*LF(d~,) into LP(dv,) and that

F( 2%;1)

Npro () = 5071
Y2t H o F(M_’_22:1)

Now we prove that, for a >
T’ZML”(dfy_%) into LP(dy_1).
Case 1. Suppose that 2a + 1

%, the operator 7;, does not map the space
We have two cases:
=0 and let

1
(T))p 1[1,+OO[(T)H?:11]0,1[(xj)'

W) = i )y

The function gg belongs to rfzﬂLp(d'y_%) and

o dr 1
2n 1 — P
I ly = (i)
B (/OO du )%
o (I+uwp
1 2
= ().
p
But for every (r,z) €]1, +00[x]0, 1],
° 2t
= 22—l dt = 4o0.
%(90)(T7 l‘) \/T ( r ) tQM<1 +1D(7”)) +00
This shows that for a = —%, the operator 7], does not map the space

r_QMLp(d'yf%) into Lp(d'yf%).
Case 2. Finally, suppose that a < —% and let n € R; % <n<-—a.
Let

o, 2a+2n n
ho(r,z) =r= =70 1 yoop(2)IT7—y 10 1((x;).
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The function hy belongs to r~2#LP(d~,), and

oo B 1 1 1

H’I“2'uh0||p,a:(/1 r 2?7d7,)p :(277_1)1).
However, for every (r,x) €]1,4+00[x]0, 1],

1 e at2n
A (ho) (1, x) = M(M)/T (t271"2)"71t_2“_2 v otdt = +00, because a+n < 0
Hence, for a < —%, the operator 4%, does not map the space r=24LP(dv,) into
LP(dv,).
The proof of theorem is complete. O

Remark 3.8. For every a € R, the fractional transform J¢;, does not map the
space 2L (dry,) into itself.
In fact, the function f(r,z) = r*1p 4oo((r) belongs to r~=2*L>(d~,), but for
every (r,x) €]0, +00[xR"

J6,(f)(r,z) = _ /Oo(t2 — P22t dt = oo,

S 20T () J,

We conclude that for every p € [1,4o00], the transform ., p > 0, is bounded
from r=2#LP(d~,) into LP(dv,) if and only if 2a + 1 > 0 and

(%554
Npoo ()= sup || Hu(Pllpa = —— 22—
pael ) = LS WP Dlbe = g ey

In particular, for a = p > 0, the fractional transform J7], is bounded from
r~21LP(dv,) into LP(dv,) and for every f € r—2“LP(dv,),
(2451

26 T(p + 2‘;;1)

172 F I,

A lp.v, <
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